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Abstract: Given that in addition to the robustness of the transportation, utility, electricity, and telecommunication networks, perhaps the
most robust network that serves urban resilience is the living network of the citizens of a city, in this paper we quantify urban resilience to
natural hazards by processing traffic-flow data. From the recorded traffic-flow values (number of vehicles per time) at various locations on
major traffic city arteries, we compute the probability density for finding a vehicle at some distance x, from the city center at time t, and,
subsequently, we calculate the time history of the mean-square displacement (MSD) of vehicles from the city center. The shape of the MSD
time histories computed in this study from traffic-flow data exhibits striking similarities with the MSD time histories computed by tracking
GPS locations from individual cellphone users. Accordingly, this study that uses an entirely different type of data confirms our previous
finding that large American cities, following a natural hazard, revert immediately to their initial steady-state behavior and resume their
normal, pre-event activities. DOI: 10.1061/JENMDT.EMENG-8724. © 2025 American Society of Civil Engineers.

Introduction

The functionality of cities is the outcome of the superposition of
complex networks including the transportation infrastructure (roads,
bus lines, and a subway network when available), water and gas
utility networks, the electricity grid, and telecommunication net-
works (telephone and Internet) together with overriding social net-
works (Bettencourt 2013; Lhomme et al. 2013; Cruz et al. 2013;
Cassottana et al. 2019; Blagojević et al. 2023). Fig. 1 shows sche-
matically the superposition of the various aforementioned infra-
structure networks for the Dallas metroplex in Texas. All of these
complex networks have been created and upgraded independently
at different times with no apparent common design principles. In
addition to these aforementioned material, electricity, and electronic
networks, perhaps the most robust network that serves urban resil-
ience is the living network of the citizens since cities are essentially
the physical manifestation of the daily interactions of its citizens
facilitating the generation of creativity, growth, progress, and lead-
ership together with economic, intellectual, and social wealth. Vari-
ous definitions of the term resilience in association with proposed
metrics have been proposed in the literature (Bruneau et al. 2003;
Godschalk2003; Da Silva et al. 2012; Jabareen 2013; Meerow et al.
2016) testifying to the richness of the concept while presenting
challenges associated with its quantification (Henry and Ramirez-
Marquez 2012; Linkov et al. 2014; Ganin et al. 2016). Our defi-
nition of urban resilience adopted in this study is rooted in the
seminal work of Holling (1973, 1996), who distinguished engineering

resilience from ecological resilience. The more traditional definition
associated with engineering resilience hinges upon the ability of a
system to assume stable equilibrium (or steady-state regime at equi-
librium), and, in this case, resilience is defined as the capacity of the
system, following a disturbance (shock), to recover its initial equilib-
rium state and revert to its normal, pre-event activity. The second def-
inition associated with ecological resilience emphasizes conditions far
from equilibrium where instabilities can flip a system into another
regime of behavior—that is, a different equilibrium state. In this case,
resilience is associated with the magnitude of a disturbance (shock)
that needs to be absorbed by the system before it changes its structure
and stabilizes at a different equilibrium state (Holling 1996). In this
work, which builds upon our past study, Makris et al. (2023a, b),
urban resilience to natural hazards is defined as the ability of a large
city, following a natural hazard, to revert to its initial steady-state
behavior and resume its normal, pre-event activities—a definition
that matches Holling’s (1996) definition of engineering resilience.

Motivated from the need to encode into the resilience of a city
the resilience of the living network of its citizens (Bettencourt and
West 2010; Bettencourt 2013), Makris et al. (2023a, b) selected as a
metric, which represents the response of a city during and away
from equilibrium, the mean-square displacement (MSD) hr2ðtÞi of
its citizens, where rðtÞ is the distance of a citizen (cellphone ID)
from its home at time t

hr2ðtÞi ¼ 1

M

XM
j¼1

r2jðtÞ ¼
1

M

XM
j¼1

ðx2j
�
tÞ þ y2jðtÞ

� ð1Þ

andM is the number of an ensemble of citizens (IDs) in the city that
we are examining.

Accordingly, our earlier studies adopted a GPS location tracking
approach of cellphone IDs as indicated by Eq. (1), in a similar way
that particle tracking is achieved in microrheology with dynamic
light scattering (Mason and Weitz 1995; Mason et al. 1997; Palmer
et al. 1998; Schnurr et al. 1997; Li et al. 2010; Li and Raizen 2013)
or with laser interferometry (Schnurr et al. 1997; Gittes et al. 1997).
Our past framework of analysis concentrated on a single-state equi-
librium, which is the response history of the mean-square
displacement of the citizens from their individual homes of the
entire city when it operates under normal conditions—a response
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parameter that captures with fidelity the physical manifestation of
the daily interactions of the citizens of a large city through their col-
lective mobility patterns. In the language of continuum mechanics,
this particle tracking approach resembles a Lagrangian formulation

in solid mechanics. Our past studies examined (1) the response
of the Dallas and Houston metroplexes that were subjected to the
February 2021 North American winter storm (Makris et al. 2023a, b);
and (2) the response of three large US cities (Houston, Miami, and
Jacksonville) when subjected to Category 4 and 5 hurricanes (2017
Harvey, 2017 Irma, and 2019 Dorian); Makris et al. (2023b) and
revealed that the MSD ¼ hr2ðtÞi as computed by tracking cell-
phone IDs of all the aforementioned cities when subjected to the
corresponding violent natural hazard reverts immediately to its pre-
event pattern upon the expiration of the duration of the natural
hazard.

As an example Fig. 2 plots the time histories of the MSD ¼
hr2ðtÞi from the homes of the citizens of the ensembles distilled dur-
ing the first quarter of 2021 for the city of Dallas [Fig. 2(a)] and the
city of Houston [Fig. 2(b)] (Makris et al. 2023b). Fig. 2 reveals that
while the MSDs for the Dallas and Houston greater urban areas
exhibit a stable daily and weekly periodicity, they exhibit a notice-
able suppression during the duration of the North American winter
storm. What is remarkable in Fig. 2 is that immediately after the
expiration of the cold winter storm (sometime by Saturday, February
20, 2021) (National Oceanic and Atmospheric Administration 2021;
National Weather Service 2021), both the city of Dallas and the city
of Houston resume normal activity with the MSD of its citizens to
revert back to its normal oscillation pattern as recorded prior to the
storm. This invariant, systematic ability of large American cities,
following a natural hazard, to revert immediately to their initial
steady-state behavior and resume their normal, pre-event activities
suggests that large American cities, at the system-wide scale, ex-
hibit a high degree of inherent resilience to natural hazards; see also
Makris et al. (2023b). This large degree of engineering resilience
was also uncovered for local communities within the large urban
centers (Chatzikyriakidis et al. 2026) where the distilled cellphone
IDs are these that their homes are in the identified community of
interest.

Fig. 2 shows that the mean value of the MSD for the Dallas
metroplex as computed upon tracking cellphone GPS location data
is A0 ¼ 165 km2, whereas the mean value of the MSD for Houston
is A0 ¼ 80 km2. While the mean value of the MSD is a measure of
the mobility of the citizens in a given urban center, our analysis
methodology hinges only upon the normalized expressions of these
MSD time histories and not on their magnitude values, since we are

Fig. 1. Transportation, utility, and telecommunication infrastructure
networks of the Dallas metroplex that have been created and upgraded
independently during different times with no apparent common design
principles. The superposition of these independent infrastructure net-
works creates a difficult-to-interpret “redundancy” that apparently serves
urban resilience. (Reprinted from Makris et al. 2023b, © ASCE.)

Fig. 2. Time history of the mean-square displacement hr2ðtÞi (ensemble average) of cellphone IDs in (a) Dallas metroplex; and (b) city of Houston
during Q1 of 2021. Dots atop the suppressed spikes indicate Sundays.
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primarily interested in extracting the recovery time of a city upon
being struck from a natural hazard.

In an effort to reinforce our past findings regarding the inherent
resilience of large American cities to natural hazards, as shown in
Fig. 2, in this paper we quantify urban resilience by processing an
entirely different set of data, that is, traffic-flow data. In this study
we process traffic-flow data on selective traffic city arteries that go
through the cities of Dallas and Houston that were made available
by the TxDOT, North Central Texas Council of Governments, and
Texas A&M Transportation Institute, respectively (North Central
Texas Council of Governments 2025; Texas A&M Transportation
Institute 2025), and we compute the mean-square displacement of
vehicles from the centers of the Cities of Dallas and Houston. In the
language of continuum mechanics, monitoring traffic-flow data re-
sembles an Eulerian formulation in fluid mechanics. The traffic-flow
histories (Eulerian approach) used in this study are nearly identical
to the mean-square displacement histories hr2ðtÞi computed from
tracking cellphone IDs (Lagrangian approach) given by Eq. (1) and
shown in Fig. 2. In this paper we explain the reason for this striking
similarity, while the structure of the mean-square displacements of
vehicles from a city center computed from traffic-flow data reinfor-
ces our past conclusions (Makris et al. 2023a, b) regarding an in-
herent resilience of large American cities to natural hazards.

Time Histories of Total Number of Vehicles Moving
along Traffic City Arteries

State Departments of Transportations, such as TxDOT North Central
Texas Council of Governments and the Texas A&M Transportation
Institute (North Central Texas Council of Governments 2025; Texas
A&M Transportation Institute 2025), monitor the traffic-flow of ve-
hicles along major traffic city arteries that go through cities by mea-
suring the number of vehicles per time (traffic-flow = Q) that go
across various sections of the traffic arteries (Dalziell and Nicholson
2001; Min and Wynter 2011; Jindal et al. 2013; Shi and Abdel-Aty
2015; Roh et al. 2016; Achillopoulou et al. 2020; Qiang and
Xu 2020; Yuan and Li 2021). As an example, Fig. 3(a) shows the
location of six monitoring stations (M ¼ 6) along freeway I-30, to-
gether with the locations of six monitoring stations (M ¼ 6) along
freeway I-35E that essentially pass through the center of Dallas, TX.
Fig. 3(b) shows many more locations of monitoring stations along
freeways I-10 and I-45 together with US highways 288 and 290,
which essentially pass through the center of Houston.

We are interested in calculating the mean-square displacement
hx2ðtÞi of the vehicles along a given freeway from the center of the
city within the limits of the greater urban area at any given time t. In
the interest of simplicity we assume that the freeways of interest
that go through the city are straight lines so that we can proceed
with a one-dimensional analysis. As an example, Fig. 4(a) shows
the locations of the monitoring stations where traffic-flow is mea-
sured along freeway I-30 as traffic-flow moves from west to east;
meanwhile, Fig. 4(b) shows the corresponding measuring location
as traffic-flow moves from east to west. The stations measuring the
eastbound and westbound traffic are a few meters apart along the
freeway, yet for the engineering accuracy of this study, they are
assumed at the same location as shown in Fig. 4.

In Figs. 5(a and b) show the time histories of the number of
vehicles per minute (traffic-flow =Q2 with units ½T�−1) that crosses
the second station from west of freeway I-30. Plot (a) is for east-
bound traffic (station 672), whereas plot (b) is for westbound traffic
(station 619). Figs. 5(c and d) plot the traffic-flow Q2 = (number of
vehicles)/minute that crosses the second station from the south of
freeway I-35E, during the first quarter of year 2021. Plot (c) is for

northbound traffic (station 782), whereas plot (d) is for southbound
traffic (stations 783). What is remarkable about the traffic-flow his-
tories shown in Fig. 5 is their striking similarity with the mean-
square displacement histories of an ensemble of citizens (cellphone
IDs) from their homes shown in Fig. 2.

Assuming that the velocity of a vehicle that crosses section j ∈
f1; 2; : : : ;Mg is vj, and that the vehicles are moving on an average
at a constant speed, then the time tj needed for a vehicle to run the
segment Sj, which spans the mid-distance from station j − 1 to
station j up to the mid-distance from station j to station jþ 1, is

tj ¼
Sj

vjðtÞ
ð2Þ

Consequently, with reference to Fig. 4, at any time t, the number
of vehicles, NjðtÞ, that happen to be along the segment Sj is

NjðtÞ ¼ QjðtÞ · tj ¼ QjðtÞ ·
Sj

vjðtÞ
ð3Þ

which is a dimensionless number: ½NjðtÞ�¼ ½T�−1½L�½L�−1½T�¼ ½1�.
The number of vehicles that happen to be moving at time t along

the eastbound lanes as they move from the west outskirts of the city,
say LW, to the east outskirts of the city, LE, is

XME−W

j¼1

NE
j ðtÞ ¼

XME−W

j¼1

QE
j ðtÞ

Sj
vEj ðtÞ

ð4Þ

where the superscript E = eastbound traffic; and the number of
segmentsM is labeled asME−W for the specific freeway. For I-35E,
which runs north–south, the number of segments will be labeled
MN−S.

Similarly, the number of vehicles that happen to be moving at
time t along a given freeway on the westbound lanes as they move
from LE to LW is

XME−W

j¼1

NW
j ðtÞ ¼

XME−W

j¼1

QW
j ðtÞ

Sj
vWj ðtÞ

ð5Þ

where the superscript W = westbound traffic.
Accordingly, the total number of vehicles NE−WðtÞ that are

moving along a E-W freeway at time t within the limits of interest
(say from LW to LE) is

NE−WðtÞ ¼
XME−W

j¼1

ðNE
j ðtÞ þ NW

j ðtÞÞ ¼
XME−W

j¼1

�
QE

j ðtÞ
vEj ðtÞ

þQW
j ðtÞ

vWj ðtÞ
�
Sj

ð6Þ

Fig. 6 plots the time histories of the total number of vehicles
NE−WðtÞ that happen to be moving along freeway I-30 between
the segment LW − LE ¼ 21.26 km [Fig. 6(a)] and NN−SðtÞ that
happen to be moving along freeway I-35E between the segment
LS − LN ¼ 19.95 km [Fig. 6(b)], during the first quarter of 2021.
The total number of vehicle time histories, NE−WðtÞ and NN−SðtÞ
shown in Fig. 6, manifest a striking similarity to the time histories
of the MSD of an ensemble of citizens (cellphone IDs) from their
homes as shown in Fig. 2. Again, Fig. 6 reveals that immediately
after the expiration of the cold winter storm, the activity of the city
of Dallas as encoded with the traffic-flow data along two main traf-
fic city arteries, freeways I-30 and I-35E, resumes its normal regime
with the total number of vehicles on each of the two freeways to
revert back to the normal oscillation patterns as recorded prior to
the winter storm.

© ASCE 04025098-3 J. Eng. Mech.
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Fig. 3. (a) Locations of monitoring stations (dots) of traffic-flow Q = (number of vehicles)/time along freeway I-30 and I-35E that pass through the
center of the city of Dallas, TX. (b) Locations of monitoring stations (dots) of traffic-flowQ = (number of vehicles)/time along freeways I-10 and I-45
and highways US-288 and US-290 that pass through the center of the city of Houston, TX. [Map data (a) from ArcGIS World Topographic Map,
Sources: Baylor University, Texas Parks & Wildlife, Esri, TomTom, Garmin, SafeGraph, GeoTechnologies, Inc., METI/NASA, USGS, EPA, NPS,
USDA, USFWS, Esri, NASA, NGA, USGS, FEMA; (b) from ArcGIS World Topographic Map, Sources: City of Houston, Texas Parks & Wildlife,
CONANP, Esri, TomTom, Garmin, SafeGraph, FAO, METI/NASA, USGS, EPA, NPS, USFWS, Esri, NASA, NGA, USGS.]

© ASCE 04025098-4 J. Eng. Mech.
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Up to this point, our study concludes that in addition to the
mean-square displacement metric hr2ðtÞi that was used to quantify
urban resilience to natural hazards (Makris et al. 2023a, b) one can
use an alternative metric, that is, the number of vehicles moving on
major traffic city arteries, NE−WðtÞ, or NN−SðtÞ, or even NðtÞ ¼P

A
α¼1 N

αðtÞ, where A is the total number of traffic city arteries that
pass through the center of a city and NαðtÞ is the total number of
vehicles that happen to be moving along freeway α, as shown in
Fig. 6, which uncovers the same main conclusion. Our study pro-
ceeds one step further by using the traffic-flow data shown in Fig. 5
to compute mean-square displacement histories hx2ðtÞi of the ve-
hicles moving along these major city arteries from the city center.

From Traffic-Flow Data to a Mean-Square
Displacement of Vehicles from the City Center

Our interest to build an expression of a mean-square displacement
of an ensemble of vehicles that move along major traffic city
arteries from traffic-flow data is motivated from the need to relate
human mobility data to a physics-based model. Since Einstein’s
1905 seminal paper (1905) on the quantitative theory of Brownian
motion, which presented for the first time the long-term rela-
tion (diffusive regime) between the mean-square displacement of
Brownian particles, hr2ðtÞi, and the diffusion coefficient of the fluid,
Dðhr2ðtÞi ¼ 2DtÞ, there has been a growing interest in this physical
process given that the equation that describes the motion of a
Brownian particle immersed in some liquid that is in thermal equi-
librium applies to a wide range of stochastic (random) processes

from which deterministic time-response functions emerge when
the system is at a steady-state equilibrium (Mason and Weitz 1995;
Attard 2012; Li and Raizen 2013; Coffey and Kalmykov 2012;
Makris 2020, 2021a, b).

It so happens that regardless of the complexity of the mechanism
that the immersed Brownian particles exchange forces with the sur-
rounding isotropic fluid (viscous, inertia, hydrodynamic memory or
viscoelastic forces) (Ornstein 1917; Uhlenbeck and Ornstein 1930;
Wang and Uhlenbeck 1945; Mason and Weitz 1995; Makris 2020,
2021b), the mean-square displacement of a collection of Brownian
particles, hr2ðtÞi, which is an ensemble average from a stochastic
(random) process, is proportional to a deterministic time-response
function that is the creep compliance JðtÞ (strain history due to a
unit-step stress) of a mechanical model

hr2ðtÞi ¼ WJðtÞ ð7Þ

In view of the overarching validity of Eq. (7), Makris et al.
(2023a, b) built upon the profound implications of Eq. (7) to con-
jecture a corresponding relation for cities. Accordingly in this sec-
tion we proceed by computing the mean-square displacement of the
vehicles along major traffic city arteries from the city center as com-
puted from traffic-flow data and compare its form (oscillating pat-
tern) with the mean-square displacement of an ensemble of citizens
of a city from their individual homes as computed by tracking GPS
location data (Makris et al. 2023a, b).

With reference to Fig. 3 we assume for now that a single traffic
city artery—say freeway I-30—is a closed, one-dimensional domain
where vehicles can only movewithin this domain as shown in Fig. 4.

Fig. 4. Locations of the stations that measure traffic-flow Q = (number of vehicles)/time together with the distances from mid-distance to
mid-distance of these stations (west–east). The locations of LW and LE are arbitrary—in this case the location is such that the first and last stations
are at mid-distance of segments S1 and S6.

© ASCE 04025098-5 J. Eng. Mech.
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After we develop our framework of analysis, additional traffic city
arteries can be added (assuming that traffic-flow data are available
for these additional traffic city arteries) to obtain a more represen-
tative domain and an increasingly dependable expression of finding
a given vehicle at a distance x away from the city center at time t.

Starting from a single freeway that runs east–west, the probability
distribution of finding a given vehicle moving eastbound at position
x ∈ ½LW ;LE� at time t is

pEðx; tÞ ¼ 1

NE−WðtÞ
NE

k ðtÞ
Sk

¼ 1P
ME−W
j¼1

�
NE

j ðtÞ þ NW
j ðtÞ

�QE
k ðtÞ

vEk ðtÞ
ð8Þ

where ME−W = number of freeway segments shown in Fig. 4, index
k ∈ f1; 2; : : : ;Mg; Sk = segment that contains the given location of
interest x; NE

k ðtÞ = total number of eastbound vehicles that happen to

Fig. 6. Time histories of the total number of vehicles (a) NE−WðtÞ from LW and LE on freeway I-30; and (b) NN−SðtÞ from LS and LN on freeway
I-35E during the first quarter of 2021. Dots upon the suppressed spikes indicate Sundays. Note the striking similarities between the time histories
shown in Fig. 6 with the mean-square displacement (MSD) time histories shown in Fig. 2.

Fig. 5. Time histories of the traffic-flowQE
2 andQW

2 as vehicles are moving along the freeway I-30 when counted (a) at Station 672; and (b) at Station
619. Time histories of the traffic-flow QN

2 and QS
2 as vehicles are moving along the freeway I-35E when counted (c) at Station 782; and (d) at Station

783.
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be along segment Sk at time t; and vEk ðtÞ = average velocity of the
eastbound vehicles along this segment, Sk.

On the other hand, the probability distribution of finding a
vehicle moving westbound at position x ∈ ½LE;LW � at time t is

pWðx; tÞ ¼ 1

NE−WðtÞ
NW

k ðtÞ
Sk

¼ 1P
ME−W
j¼1

�
NE

j ðtÞ þ NW
j ðtÞ

�QW
k ðtÞ

vWk ðtÞ
ð9Þ

where again k ∈ f1; 2; : : : ;Mg; Sk is also the segment that contains
the given location x; and vWk ðtÞ = average velocity of the westbound
vehicle along this segment, Sk. The denominatorNE−WðtÞ in Eqs. (8)
and (9) is the total number of vehicles moving along the freeway
from LW to LE at time t given by Eq. (6).

Accordingly, the probability distribution of finding a vehicle at
position x, regardless of whether is moving eastbound or west-
bound, is

pE−Wðx; tÞ ¼ pEðx; tÞ þ pWðx; tÞ

¼ 1P
ME−W
j¼1 ðNE

j ðtÞ þ NW
j ðtÞÞ

"
QE

k ðtÞ
vEk ðtÞ

þQW
k ðtÞ

vWk ðtÞ

#
ð10Þ

Clearly, the probability of finding a moving vehicle that belongs
on a given freeway (domain) at time t, regardless of whether it is
moving eastbound or westbound, along the entire closed domain
½LW ;LE� shall be equal to 1. AccordinglyZ

LE

LW

pE−Wðx; tÞdx ¼ 1P
ME−W
j¼1 ðNE

j ðtÞ þ NW
j ðtÞÞ

×
XME−W

k¼1

 
QE

k ðtÞ
vEk ðtÞ

þQW
k ðtÞ

vWk ðtÞ

!
Sk ð11Þ

From Eqs. (4) and (5)

XME−W

k¼1

QE
k ðtÞ

vEk ðtÞ
Sk ¼

XME−W

k¼1

NE
k ðtÞ and

XME−W

k¼1

QW
k ðtÞ

vWk ðtÞ
Sk ¼

XME−W

k¼1

NW
k ðtÞ

ð12Þ

Substitution of the right-hand sides of Eq. (12) into Eq. (11)
givesZ

LE

LW

pE−Wðx; tÞdx ¼ 1P
ME−W
j¼1 ðNE

j ðtÞ þ NW
j ðtÞÞ

×

"XME−W

k¼1

NE
k ðtÞ þ

XME−W

k¼1

NW
k ðtÞ

#
¼ 1 ð13Þ

Fig. 7(a) plots the traffic-flow value QðtÞ at t ¼ 7∶00 a:m: as
recorded from all recording stations along freeway I-30, while
Fig. 7(b) shows the corresponding recorded average velocities as
the vehicles are crossing the monitoring stations. The left column
is for traffic moving from west to east, while the right column is
for traffic moving from east to west. Fig. 7(c) plots the probability
distribution of finding a given vehicle at position x at t ¼ 7∶00 a:m:
when it is moving either eastbound or westbound as given by
Eqs. (8) and (9). Clearly the cumulative area under both Fig. 7(c)
plots sums up to 1 as dictated by Eq. (13).

Fig. 8(a) plots the superposition of the two plots pE−Wðx; tÞ ¼
pEðx; tÞ þ pWðx; tÞ shown in Fig. 7(c), that is, the probability distri-
bution of finding a vehicle at position x at 7 a.m. regardless whether it
moves eastbound or westbound on freeway I-30 as given by Eq. (10).
Similarly Fig. 8(b) shows the probability distribution of finding a

vehicle at position x at 7 a.m. regardless whether it moves north-
bound or southbound on freeway I-35E shown in Fig. 3(a).

Our analysis framework is generalized to estimate the probabil-
ity of finding a vehicle at a distance x from the center of a city, at
time t, which can move on a wider domain that consists of several
freeways. For instance, in the event that a vehicle can move on both
freeways I − 30 ¼ α1 and I − 35E ¼ α2, the probability distribu-
tion of finding the vehicle at a distance x from the city center is

p½E−W;N−S�ðx; tÞ ¼ 1

NE−WðtÞ þ NN−SðtÞ

×

"
QE

k ðtÞ
vEk ðtÞ

þQW
k ðtÞ

vWk ðtÞ
þQN

i ðtÞ
vNi ðtÞ

þQS
i ðtÞ

vSi ðtÞ

#
ð14Þ

where NE−WðtÞ is given by Eq. (6); and NN−SðtÞ = total number of
vehicles that are moving along a north–south freeway

NN−SðtÞ ¼
XMN−S

i¼1

ðNN
i ðtÞ þ NS

i ðtÞÞ ¼
XMN−S

i¼1

�
QN

i ðtÞ
vNi ðtÞ

þQS
i ðtÞ

vSi ðtÞ
�
Si

ð15Þ

Again, the probability of finding a moving vehicle that is on
freeway I-30 or I-35E at time t along their entire domain—that
is [LW − LE] for I-30 and [LS − LN] for I-35E—shall be equal
to 1 (one)Z

all Segments
p½E−W;N−S�ðx; tÞdx

¼ 1

NE−WðtÞþNN−SðtÞ
�XME−W

j¼1

�
QE

j ðtÞ
vEj ðtÞ

þQW
j ðtÞ

vWj ðtÞ

!
Sj

þ
XMN−S

i¼1

 
QN

i ðtÞ
vNi ðtÞ

þQS
i ðtÞ

vSi ðtÞ
�
Si

�
¼ 1 ð16Þ

given that the first summation in the right-hand side of Eq. (16) is
equal to NE−WðtÞ from Eq. (6), whereas the second summation in
the right-hand side of Eq. (16) is equal to NN−SðtÞ from Eq. (15).

For vehicles that their domain of motion is freeways I-30 and
I-35E, Fig. 9 shows the probability distribution of finding a given
vehicle at a distance x from the city center of Dallas at time t ¼
7 a:m: [Fig. 9(a)], and t ¼ 9 a:m: [Fig. 9(b)] as offered by
Eq. (14). Lþ ¼ maxðLE;LNÞ is the maximum value of LE and LN ,
whereas L− ¼ minðLW ;LSÞ is the minimum value (maximum in
absolute value) for LW and LS. In the event that traffic-flow data
are available for a number A of traffic city arteries that pass from the
center of a city, as in the case of the city of Houston ðA ¼ 3Þ, as
shown in Fig. 3(b), the probability of finding a given vehicle that
belongs to the domain of a number A of traffic city arteries at dis-
tance x from the city center at time t is

p½1;2; : : : ;A�ðx; tÞ ¼ 1P
A
α¼1 N

αðtÞ
XA
α¼1

�
Q1

k;αðtÞ
v1k;αðtÞ

þQ2
k;αðtÞ

v2k;αðtÞ

!
ð17Þ

where the superscripts 1 and 2 = direction of traffic; and subscript
k = segment of freeway α that contains the location x of interest.
For instance, for a freeway α ∈ f1; 2; : : : ;Ag that runs E-W, 1 = E
and 2 = W.

Fig. 10(a) plots the probability p½1;2;3�ðx; tÞ of finding a given
vehicle at a distance x from the center of Houston, at t ¼ 7 a:m:
on February 1, 2021, according to Eq. (17), when considering that
vehicles move in the domain that consists of freeways α1 ¼ I-10,
α2 ¼ I-45, and α3 ¼ US-290 and US-288. Clearly the area under
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Fig. 8. (a) Superposition of the two bottom plots [pE−Wðx; tÞ ¼ pEðx; tÞ þ pWðx; tÞ] shown in Fig. 7(c), that is, the probability distribution of finding
a vehicle at position x at t ¼ 7 a:m: regardless whether it moves eastbound or westbound as given by Eq. (10). The gray shaded area under the curve is
equal to 1. (b) Superposition of [pN−Sðx; tÞ ¼ pNðx; tÞ þ pSðx; tÞ] that is the probability distribution of finding a vehicle at position x at t ¼ 7 a:m:
regardless whether it moves northbound or southbound. The gray shaded area under the curve is equal to 1.

Fig. 7. (a) Traffic-flow QðtÞ at time t ¼ 7 a:m: as recorded from all monitoring stations along freeway I-30; (b) recorded average velocities of the
vehicles as they cross the monitoring stations; and (c) probability distributions, pEðx; tÞ and pWðx; tÞ offered by Eqs. (8) and (9).
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the probability distribution shown in Fig. 10 equals to 1. Fig. 10(b)
plots the corresponding probability distribution p½1;2;3�ðx; tÞ of find-
ing a given vehicle at distance x from the city center of Houston at
t ¼ 9 a:m: on February 1, 2021.

Figs. 9 and 10 show that as the domain, where vehicles are al-
lowed to move contains more and more traffic city arteries, the center
of the probability distribution of finding a vehicle at position x at
time t shifts toward the center of the graph, since city centers are
more congested with traffic moving slower.

In the interest of simplicity, we revert to the city of Dallas where
we have data from only two freeways, as shown in Fig. 3(a). Fig. 11
plots the time histories of the total number of vehicles that happen to

be moving in the closed domain that consists solely of freeways
α1 ¼ I-30 and α2 ¼ I-35E shown in Fig. 6. This total number of
vehicles,NI-30ðtÞ þ NI-35EðtÞ, which is the denominator of Eqs. (14),
(16), and (17) for A ¼ 2 when we produced Fig. 9, fluctuates with
time as shown in Fig. 11, indicating that at any given time some
vehicles that belong to this closed domain are parked, with the
larger number of vehicles being parked at night. Accordingly, since
at any given time in the closed domain that consists of freeways
I-30 and I-35E shown in Fig. 3(a), some vehicles that belong to
the domain are parked, a better estimate of the probability of find-
ing a given vehicle among all vehicles that belong to the closed
domain (moving and parked) at position x at time t is to replace

Fig. 9. Superposition of the two plots shown in Fig. 8, p½E−W;N−S�ðx; tÞ ¼ pE−Wðx; tÞ þ pN−Sðx; tÞ that is, the probability distribution of finding a
vehicle at position x at (a) t ¼ 7 a:m:; and (b) t ¼ 9 a:m: on February 2, 2021, regardless whether it moves on I-30 (E-W) or on I-35E (N-S). The gray
shaded area under the curve is equal to 1.

Fig. 10. Superposition of probability distribution plots for Houston area, that is, the probability distribution p½1;2;3�ðx; tÞ of finding a vehicle at
position x at (a) t ¼ 7 a:m:; and (b) t ¼ 9 a:m: on February 1, 2021 regardless whether it moves on I-10 (E-W), on I-45 (N-S) or on US-290
and US-288 (NW-SE). The gray shaded area under the curve is equal to 1.
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the denominator in Eq. (17) with the maximum number of vehicles
that appear within the domain over time = maxt

P
A
α¼1 N

αðtÞ. In this
way Eq. (17) is revised to

p½1;2; : : : ;A�ðx; tÞ ¼ 1

max
t

P
A
α¼1 N

αðtÞ
XA
α¼1

 
Q1

k;αðtÞ
v1k;αðtÞ

þQ2
k;αðtÞ

v2k;αðtÞ

!

ð18Þ

Fig. 12 shows the revised probability distributions of finding
a given vehicle at a distance x, from the city center of Dallas at
time t ¼ 7 a:m: [Fig. 12(a)] and time t ¼ 9 a:m: [Fig. 12(b)] as
offered by Eq. (18) in which A ¼ 2. Clearly, the integral over
all freeways segments of Eq. (18) is less than 1, since the station-
ary (parked) vehicles are not counted by the recorded stations.
The advantage of Eq. (18) versus Eq. (17) is that the denomina-
tor, maxt

P
A
α¼1 N

αðtÞ, is time-independent. Upon establishing the
probability density p½1;2; : : : ;A�ðx; tÞ of finding a vehicle at location x
at time t away from the city center, as given by Eq. (18), the mean-
square displacement of a vehicle from the city center is

hx2ðtÞi ¼
Z

Lþ

L−
x2p½1;2; : : : ;A�ðx; tÞdx ð19Þ

With reference to Fig. 12, Eq. (18) is a step-wise function, which
assumes a constant value along each step that is taken out of the
integral sign. Accordingly, Eq. (19) gives

hx2ðtÞi ¼
XS
k¼1

p½1;2; : : : ;A�
k ðtÞ

Z
Lk

Lk−1
x2dx

¼ 1

3

XS
k¼1

p½1;2; : : : ;A�
k ðtÞ�L3

k − L3
k−1
	 ð20Þ

where S = total number of steps that the probability distribution
function exhibits. When k ¼ 1, Lk−1 ¼ L0 ¼ L−, whereas when
k ¼ S, LS ¼ Lþ.

Fig. 13 plots with a dotted line the time history of the mean-
square displacement = hx2ðtÞi from the Dallas city center as results
from Eq. (20), of vehicles that belong to the domain fI − 30 ∪
I − 35Eg during the first quarter of year 2021. Plot (a) is when
the locations of L− and Lþ are at a distance away from the first
and last station, which is equal to half the distance between the first
two or last two stations, respectively. Plot (b) is when the locations
of L− and Lþ are at a distance away from the first and last stations
that is three times the distance between the first two or last two
stations, respectively. Clearly the values of the calculated MSD =
MSD ¼ hx2ðtÞi shown in Fig. 12(b) are larger, merely because the
moment of area from the last term of Eq. (20) is larger. As we in-
dicated in the discussion of Fig. 2, an analysis methodology hinges
only upon the normalized expression of the calculated MSD time
histories, and not on their resulting magnitudes; therefore the exact
values of Lþ and L− in Eqs. (19) and (20) are immaterial. The struc-
ture of Eq. (20) explains the striking similarities between the traffic-
flow data QkðtÞ shown in Fig. 5 and the mean-square displacement
shown in Fig. 2 that has been computed by tracking tens of thousands
of cellphone IDs. Eq. (20) dictates that the mean-square displacement
of vehicles from the city center is proportional to traffic-flow data
QðtÞ amplified by the moment of area of the maximum length of
the freeway that belongs in the domain under consideration.

Fig. 11. Time history of the total number of vehicles that happen to be
moving along both freeways I-30 and I-35E during the first quarter of
2021. Dots upon the suppressed spikes indicate Sundays.

Fig. 12. Probability distributions of finding a vehicle at position x at (a) t ¼ 7 a:m:; and (b) at t ¼ 9 a:m: on February 1, 2021, regardless whether the
vehicle moves along I-30 (E-W) or I-35E (N-S) as offered by Eq. (18).
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Engineering Significance of the Mean-Square
Displacement

In view of the overarching validity of Eq. (7) in the quantitative theory
of Brownian motion Einstein (1905), Langevin (1908), Ornstein
(1917), Landau and Lifshitz (1980), Coffey and Kalmykov (2012),
Attard (2012), and Makris et al. (2023a, b) built upon the profound
implications of Eq. (7) to conjecture a corresponding relation for
cities

hx2ðtÞi ¼ WJðtÞ

¼ A0



Uðt − 0Þ − C

�
cosðωRtÞ

þ γ
2

�
sin

�
8

7
ωRt

�
− sin

�
6

7
ωRtÞ

���
ð21Þ

where now hx2ðtÞi is the mean-square displacement of vehicles from
the center of the city. The function Uðt − 0Þ appearing in Eq. (21) is
the unit-amplitude Heaviside step-function (Lighthill 1958), ωR ¼
2π=24 ¼ π=12 rad=h is the daily frequency and parameters A0, C,
and γ are constants of the model.

The amplitude-modulation model expressed by Eq. (21) was
constructed by using technique for manipulating signals in radio
communications (Gray and Graham 1961; Silver 2011). Fig. 13
compares the MSD ¼ hx2ðtÞi from the city of Dallas as extracted
from recorded traffic-flow data according to Eq. (20) with the pre-
dictions of the calibrated amplitude-modulation model given by
Eq. (21) with A0 ¼ 13.40 km2 [Fig. 13(a)], with A0 ¼ 24.54 km2

[Fig. 13(b)], C ¼ 0.8, and γ ¼ 0.10 in either plot.

In view of the satisfactory performance of the analytical expres-
sion offered by Eq. (21) to capture the steady-state regime of cities
under normal, operating conditions as shown in Fig. 13 for the city
of Dallas, Eq. (7) dictates that the mechanical model with creep
compliance (Makris et al. 2023a, b)

JðtÞ ¼ hx2ðtÞi
W

¼ hx2ðtÞi
A0k

¼ 1

k



Uðt − 0Þ − C

�
cosðωRtÞ

þ γ
2

�
sin

�
8

7
ωRtÞ − sin

�
6

7
ωRt

����
ð22Þ

is indeed a mechanical analog for cities which predicts with fidelity
their postevent regime as was shown for the city of Dallas (Makris
et al. 2023a). In Eq. (22), k ¼ W=A0 is a constant with units of
stiffness (½F�=½L�). In our analysis, natural hazards such as earth-
quakes, hurricanes, and winter storms, which are abrupt, finite, and
system-wide, are represented mathematically with an elementary
rectangular pulse of amplitude F0 and duration Te, which is ex-
pressed as

FðtÞ ¼ F0½Uðt − 0Þ − Uðt − TeÞ� ð23Þ

Other societal stressors such as pandemics and economic crises
are stressing cities during larger time-scales along which the
city may develop mechanisms to readjust (Meerow et al. 2016;
Holling 1996). Accordingly, for such prolonged crisis that ramps
up gradually and may have long tails, different loading patterns
than the rectangular pulse described with Eq. (23) may be more
suitable.

The creep compliance JðtÞ (displacement history due to a unit-
step force) is a time response function of a linear system. Given
the linearity of the mechanical model for a city as expressed by
Eq. (21) or Eq. (22), the response, uðtÞ, of the mechanical model
due to a force excitation FðtÞ is offered through the convolution
integral

uðtÞ ¼
Z

t

0−
hðt − ξÞFðξÞdξ ð24Þ

where FðξÞ = time history of the acute shock—in this analysis the
rectangular pulse given by Eq. (23); and hðtÞ = impulse response
function (Clough and Penzien 1970; Oppenheim and Schafer
1975; Harris and Crede 1976; Reid 1983; Makris 2021a) that is de-
fined as the resulting displacement history, uðtÞ, due to an impulsive
force input FðtÞ ¼ δðt − ξÞ with ξ < t. Given that δðt − ξÞ ¼
dUðt − ξÞ=dt, the impulse response function of a linear system
hðtÞ ¼ dJðtÞ=dt, where JðtÞ is its creep compliance of the city given
by Eq. (22). Accordingly, the impulse response function of the
mechanical model of a city described with Eq. (22) is

hðtÞ ¼ dJðtÞ
dt

¼ 1

k



δðt − 0Þ þ CωR

�
sin ðωRtÞ

− γ
2

�
8

7
cos

�
8

7
ωRtÞ − 6

7
cos

�
6

7
ωRt

����
ð25Þ

Upon substitution of the expression of the impulse response
function given by Eq. (25) into Eq. (24) after using the forcing
function FðξÞ as expressed by Eq. (23), the normalized

Fig. 13. Time histories of the mean-square displacement hx2ðtÞi of
vehicles from the Dallas city center during Q1, 2021. Dotted lines
are for hx2ðtÞi extracted from traffic-flow data given by Eq. (20). Black
solid lines are for hx2ðtÞi calculated from the amplitude-modulation
expression given by Eq. (21). In plot (b), the distance from L− to Lþ
is larger than in plot (a).
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displacement response from the amplitude-modulation model when
subjected to a rectangular pulse of duration Te is (Makris et al.
2023a)

k
F0

uðtÞ ¼Uðt− 0Þ−Uðt−TeÞþC

�
−cosðωRtÞþ cosðωRðt−TeÞÞ

− γ
2

�
sin

�
8

7
ωRt

�
− sin

�
8

7
ωRðt−TeÞ

�

− sin

�
6

7
ωRt

�
þ sin

�
6

7
ωRðt−TeÞ

���
ð26Þ

With reference to Fig. 13 [either (a) or (b)], prior to the arrival of
the North American winter storm, the city of Dallas, TX, was
operating under normal conditions, and its mean-square displace-
ment hx2ðtÞi of its vehicles from monitoring traffic stations is de-
scribed satisfactorily with the amplitude-modulation model given
by Eq. (21) and plotted at the top of Fig. 14(a) (see also Fig. 13).
While Dallas was operating under normal conditions, on Sunday,
February 14 ¼ t0 ¼ 0, it was suddenly subjected to the North
American winter storm, which is described with the rectangular
pulse with a duration Te ¼ ð6 daysÞ × ð24h=dayÞ ¼ 144 hours as
shown in Fig. 14(b), which is the duration reported by the media
(National Oceanic and Atmospheric Administration 2021; National
Weather Service 2021). The overall response, upon the city of
Dallas, is subjected to the acute cold storm (postevent response), is
the superposition of its steady-state response under normal operat-
ing conditions is given by Eq. (21), and its response due to the
rectangular pulse is given by Eq. (26) and shown in Fig. 14(c).
Accordingly, the “postevent” response of a city described with the
amplitude-modulation model given by Eq. (21) is

kJðtÞ− k
F0

uðtÞ ¼Uðt−TeÞ−C

�
cosðωRðt−TeÞÞ

þ γ
2

�
sin

�
8

7
ωRðt−TeÞ

�
− sin

�
6

7
ωRðt−TeÞ

���
ð27Þ

The left-hand side of Eq. (27) is the superposition of the response
of the city under normal conditions given by Eq. (22) and its
response due to the rectangular pulse given by Eq. (26).

Our main motivation for developing a mechanical model for cities
as described by Eq. (21) or Eq. (22) is for estimating the recovery time
of a city when struck by a natural hazard—that is, how much time the
city needs to revert to its initial steady-state behavior and resume its
normal pre-event activities as explained in our publications, Makris
et al. (2023a, b). As an example, Fig. 14(d) shows that the predicted
postevent response of the city of Dallas when the duration of ex-
citation of the rectangular pulse is Te ¼ 6 days ¼ 144 h synchro-
nizes with the recorded postevent MSD, indicating that the city of
Dallas recovered essentially immediately from the February 2021
North American winter storm. In the general case, the recovery
time, Trec, is the difference between Te (duration of the rectangu-
lar pulse) and the actual duration of the natural hazard, Tnh, as
documented by the federal and state agencies—that is, Trec ¼
Te − Tnh. Accordingly, for the city of Dallas, when struck by the
February 2021 North American winter storm, Fig. 14(d) suggests
that the recovery time is essentially zero (Trec ¼ Te − Tnh ¼ 0).

Discussion

When we first developed our proposed framework of analysis by
tracking GPS locations of individual cellphone IDs and then taking
ensemble averages (Makris et al. 2023a, b), as indicated by Eq. (1)

of the manuscript, it was evident that the resulting mean-square
displacement is system-wide. In this way “traffic stresses,” such as
rush hours, school hours, and increased traffic from various sport-
ing or concert events, were not captured. The work presented in this
manuscript comes to complement our initial framework of analysis,
since increased traffic during rush hours is encoded in the traffic-
flow data shown in Fig. 7 of the manuscript and the resulting prob-
ability distributions for a single traffic city artery as shown in Fig. 8.
Accordingly, in the event that a “traffic stress” from a concert or a
sporting event is of interest, one should produce Fig. 7 for the spe-
cific traffic city arteries that lead to this event for the times of in-
terest. We emphasize that the aim of our proposed framework of
analysis is merely to estimate the recovery time of an entire city
upon a natural hazard strikes as illustrated in Fig. 14. Accordingly,
as we superimpose traffic-flow data from a number of traffic city
arteries as expressed with Eq. (17) and illustrated in Fig. 10, the
resulting probability distribution becomes more system-wide, and

Fig. 14. (a) Normalized behavior of the city of Dallas under normal
conditions as given by Eq. (22); (b) acute shock on a city expressed
with a rectangular pulsewith duration Te ¼ 144 h that is an integer mul-
tiple of a day = 24 h; (c) normalized response of the city of Dallas to the
rectangular pulse alone with duration Te ¼ 144 h; and (d) pre- and post-
event response of the city of Dallas [(a–c), solid dark lines], which is
identical to the pre-event. The dotted line is the normalized recorded
MSD of the city of Dallas prior, during and after the North American
winter storm during the third week of February 2021 as distilled from
the vehicles of the monitoring traffic station data.
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therefore there is agreement between the time histories of ensemble
averages from tracking individual IDs and the time histories from
traffic-flow data (measuring the number of IDs/time that pass from
a given location).

Conclusions

We have developed an analysis framework for the quantification of
urban resilience to natural hazards in which the resilience of the
living network of the citizens of a city is encoded by processing
traffic-flow data (number of vehicles per time) recorded at various
locations along major traffic city arteries.

Upon superimposing traffic-flow data from various traffic city ar-
teries, we evaluate the probability density, pðx; tÞ of finding a given
vehicle at a distance x from the city center at time t, and we calculate
its second moment, hx2ðtÞi ¼ ∫ Lþ

L−x
2pðx; tÞdx. Our study concen-

trates on a “single-state equilibrium” that is the response history of
the mean-square displacement = hx2ðtÞi (MSD) of vehicles from the
city center. The shape of the MSD ¼ hx2ðtÞi time histories of ve-
hicles computed in this study from traffic-flow data exhibits striking
similarities with the MSD time histories computed by tracking GPS
locations from individual cellphone users. Accordingly, this study,
which uses an entirely different type of data (traffic-flow data) con-
firms our previous finding (that emerged from cellphone GPS loca-
tion data) that large American cities with average to high population
densities, following a natural hazard, revert immediately to their ini-
tial steady-state behavior and resume the normal, pre-event activities.
In conclusion, our analysis framework for the quantification of urban
resilience to natural hazards from human mobility data concludes
that large American cities exhibit an inherent resilience.

Data Availability Statement
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